Inspired by the classical phenomenon of random walk, the concept of quantum walk 1 has emerged recently as a powerful platform for the dynamical simulation of complex quantum systems 2-4 , entanglement production 5,6 and universal quantum computation 7,8 . Such a wide perspective motivates a renewing search for efficient, scalable and stable implementations of this quantum process. Photonic approaches have hitherto mainly focused on multi-path schemes, requiring interferometric stability and a number of optical elements that scales quadratically with the number of steps 9 . Here we report the experimental realization of a quantum walk taking place in the orbital angular momentum space of light, both for a single photon and for two simultaneous indistinguishable photons. The whole process develops in a single light beam, with no need of interferometers, and requires optical resources scaling linearly with the number of steps. Our demonstration introduces a novel versatile photonic platform for implementing quantum simulations, based on exploiting the transverse modes of a single light beam as quantum degrees of freedom.
Inspired by the classical phenomenon of random walk, the concept of quantum walk 1 has emerged recently as a powerful platform for the dynamical simulation of complex quantum systems [2] [3] [4] , entanglement production 5, 6 and universal quantum computation 7, 8 . Such a wide perspective motivates a renewing search for efficient, scalable and stable implementations of this quantum process. Photonic approaches have hitherto mainly focused on multi-path schemes, requiring interferometric stability and a number of optical elements that scales quadratically with the number of steps 9 . Here we report the experimental realization of a quantum walk taking place in the orbital angular momentum space of light, both for a single photon and for two simultaneous indistinguishable photons. The whole process develops in a single light beam, with no need of interferometers, and requires optical resources scaling linearly with the number of steps. Our demonstration introduces a novel versatile photonic platform for implementing quantum simulations, based on exploiting the transverse modes of a single light beam as quantum degrees of freedom.
First proposed by Feynman about thirty years ago
10 , the simulation of a complex quantum system by means of another well controlled quantum system is nowadays becoming a feasible, although still challenging task. Photons are a reliable resource in this arena, as witnessed by the large variety of photonic architectures that have been realized hitherto for the realization of quantum simulators 9 . Among simulated processes, the quantum walk 1 (QW) is receiving a wide interest. A QW can be interpreted as the quantum counterpart of the well known classical random walk. In its simplest, one-dimensional (1D) example, the latter is a path consisting of a sequence of random steps along a line. At each step, the walker moves forward or backward according to the outcome of a random process, such as the flip of a coin. When both the walker and the coin are quantum systems we obtain a QW. The final probability distribution for the walker position shows striking differences with respect to the classical process, due to interferences between coherent superpositions of different paths 11 . It has been demonstrated that this quantum process can be used to perform quantum search algorithms on a graph 12, 13 and universal quantum computation 7, 8 . Interestingly, it represents a versatile platform for the simulation of phenomena characterizing complex systems, such as Anderson localization in disordered media 4 , topological phases 3 , and energy transport in chemical processes 2 . In the last decade, implementations of QWs in 1D have been realized in a variety of physical systems, such as trapped ions 14, 15 or atoms 16 , NMR systems 17 , and photons, using both bulk optics [18] [19] [20] and integrated waveguides [21] [22] [23] . Remarkably, only few photonic simulations of multiparticles QWs have been reported, using two-photon states 4, [21] [22] [23] or a classical coherent source 24 . In photonic architectures, different strategies can be adopted, according to the optical degrees of freedom exploited to encode the coin and the walker quantum systems. In 2010 Zhang et al. proposed a novel approach for the realization of a photonic walk, based on the idea of encoding the coin and the walker in the spin angular momentum (SAM) and in the orbital angular momentum (OAM) of light, respectively 25 . A possible implementation of the same idea in a loop-based configuration has been also analyzed 26 . These theoretical proposals put forward for the first time the possibility of implementing a photonic walk without interferometers, with the whole process taking place within a single light beam. To obtain this result, both these schemes rely on the spin-orbit coupling occurring in a special optical element called q-plate 27 , whose action will be discussed later on. In the present work, we implement experimentally the proposal by Zhang et al., thus demonstrating the first photonic QW occurring in a single light beam and using the OAM degree of freedom of photons as discrete walker coordinate. Moreover, we generalize the QW process by introducing in our experiment an adjustable parameter that controls the photon "mobility" in the OAM lattice. Finally, in the same platform, we demonstrate the simultaneous QW of two indistinguishable photons propagating in the same beam, thus proving that the method can be extended to higherdimensional multiparticle systems.
In the quantum theory framework, a typical QW involves a system described by a Hilbert space H obtained by the direct product H c ⊗ H w of the coin and the walker subspaces, respectively. In the simplest case, the walker is moving on a 1D lattice and, at each step, has only two different choices. Accordingly, the subspace H c is twodimensional (2D), while H w is infinite-dimensional; they are spanned by the vectors {| ↑ , | ↓ } and {|x , x ∈ Z}, respectively. The displacement of the walker at each step FIG. 1. Conceptual scheme of the single-beam photonic quantum walk in the space of OAM. In each crossed optical stage (QW unit), the photon can move to an OAM value m that is increased or decreased by one unit (or stay still, in the hybrid configuration). Being this a quantum evolution, the OAM decomposition of the photonic wavefunction at each stage includes many different values, as shown in the call-outs in which modes having different OAM values are represented by the corresponding helical (or "twisted") wavefronts.
of the process is realized by the shift operatorŜ
where the operatorsL ± shift the position of the walker, i.e.L ± |x = |x±1 . The displacement introduced byŜ is conditioned by the coin; when this is in the state | ↑ , the walker moves up, or vice versa. As a consequence, the operatorŜ entangles the coin and the walker systems 5, 6 . Between consecutive displacements, the "randomness" is introduced by a unitary operatorT acting on the coin subspace. Usually,T is the Hadamard gatê
A single step of the walk is described by the operator U =Ŝ · (T ⊗Î w ), whereÎ w is the identity operator in H w . After n steps, the system initially prepared in the state |ψ 0 evolves to a new state
Consider now a photon and its internal degrees of freedom represented by the SAM and the OAM. In the limit of paraxial optics, these two quantities are independent and well defined; the first is associated with the polarization of the light, while the second is related to the azimuthal structure of the photonic wave function in the transverse plane 28 . The SAM space H p is spanned by vectors {|L , |R }, representing left-circular and rightcircular polarizations. The OAM space H o is spanned by vectors |m with m ∈ Z, which denote a photon carrying m of OAM along the propagation axis and having a correspondingly "twisted" wavefunction (see Fig. 1 ).
In our implementation, the coin and the walker systems are encoded in the SAM and the OAM of a photon, respectively. In particular, the spatial walker coordinate x is replaced by the OAM coordinate m. The concept of a QW in OAM within a single optical beam is pictorially illustrated in Fig. 1 . The step operatorÛ is implemented by means of linear-optical elements. In the coin subspace, the Hadamard gate is simply a quarter-wave plate (QWP). The shift operatorŜ is instead realized by a q-plate (QP), a recently-introduced photonic device which has already found many useful applications in classical and quantum optics 27, 28 . The QP is a birefringent liquid-crystal medium with an inhomogeneous optical axis that has been arranged in a singular pattern, with topological charge q, so as to give rise to an engineered spin-orbit coupling in the light crossing it. In particular, the QP raises or lowers the OAM of the incoming photon according to its SAM state, while leaving the photon in the same optical beam, i.e. with no deflections nor diffractions. In the actual device also the radial profile of the photonic wave function undergoes a small alteration (as long as it remains in the near-field regime), which however can be approximately neglected in our implementation, as discussed in the Supplementary Information (SI). More precisely, the action of a QP can be generally described by the operatorQ δ (4) where q is the QP topological charge and δ the optical birefringent phase-retardation 27, 28 . While q is a fixed property of the q-plate, δ can be controlled dynamically by tuning an applied voltage 29 . As shown in Eq. 4, the action of the q-plate is made of two terms. The first, proportional to cos(δ/2), leaves the photon in its input state. The second, proportional to sin(δ/2), implements the conditional displacement of Eq. 1, but adds also a flip of the coin state. The latter effect can be however compensated by inserting an additional half-wave plate (HWP). When δ = π ("standard" configuration) the first term vanishes and the standard shift operatorŜ is obtained. When δ = 0, the evolution is trivial (the walker stands still), while for intermediate values 0 < δ < π we have a novel kind of evolution: besides moving forward or backward, the walker at each step is provided with a third option, that is to remain in the same position. We refer to this as "hybrid" configuration, since it mimics a walk with three possible choices, although the coin is still twodimensional. Similar to an effective mass, the δ parameter controls the degree of mobility of the walker, ranging from a vanishing mobility for δ = 0 to a maximal mobility (such as that occurring for massless particles) for δ = π. In our experiment, the step operatorÛ is hence implemented by a sequence of a QWP, a QP, and a HWP. The QPs have q = 1/2, so as to induce OAM shifts of ±1. Due to reflection losses (mainly at the QP, which is not One photon is sent directly to the avalanche single photon detector (APD) D1, while the other goes through four identical subsequent QW steps (see panel b for the detail of each step) and is then analyzed in polarization and OAM and finally detected with APD D2, in coincidence with D1. The polarization measurement is performed with a HWP-QWP set followed by a PBS. The OAM state is analyzed by diffraction on a spatial light modulator (SLM) followed by coupling into a single-mode optical fiber (SMF). The projection state corresponding to each OAM eigenvalue m was thus fixed by the hologram pattern visualized on the SLM. b) Detail of the single QW step. The sequence of optical elements in each step includes a QWP with optical axis oriented at 45
• from the horizontal axis, a q-plate with q = 1/2, and a HWP with optical axis parallel to the horizontal one. The reference axes of the q-plates are all oriented horizontal. c) Setup configuration for two-photon QW experiments. Both photons exiting the input SMF, after setting their polarization to L and R, are sent into a three-steps QW apparatus. The individual QW step is again that showed in panel b). At the QW exit, the two photons are split in two parallel beams (see panel d) in order to measure their joint polarization and OAM probabilities. The polarization-OAM analysis is performed as in the single-photon case, except that two different areas of the SLM are used for diffracting the two photons, which are then coupled into two SMFs and detected in coincidence in APDs D1 and D2 (within a 8 ns time window). d) Detail of the splitting stage. To preserve the polarization state, the splitting is performed on a non-polarizing beam splitter (BS) and relies on post-selection to single-out the cases in which the two photons emerge in different BS ports.
antireflection-coated), each step has a transmission efficiency of 86% (but adding an antireflection coating will improve this value to > 95%). The n-steps walk is then implemented by simply cascading a sequence of QWP-QP-HWP on the single optical axis of the system. In the implemented setup, the linear distance d between adjacent steps is small compared to the Rayleigh range z R of the photons, i.e. d/z R 1 (near-field regime), so as to avoid optical effects that would alter the nature of the simulated process; a detailed discussion is provided in the SI. The layout of the apparatus is shown in Fig. 2 . At the input of the QW apparatus, a pair of indistinguishable photons is generated in the product state |H |V , where H and V stand for horizontal and vertical linear polarization. The photon pairs are generated by spontaneous parametric down-conversion in a β-barium borate nonlinear crystal cut for degenerate collinear type-II phase matching, pumped by frequency-duplicated laser pulses at a wavelength of 400 nm at 140 mW of average power (the generation setup is not shown in Fig. 2 ). Both photons of each pair are then coupled into the same singlemode optical fiber, thus setting m = 0 and ensuring a high degree of spatial indistinguishability. At the exit of the fiber, the initial polarization of the two photons is recovered using a QWP-HWP set. Let us now consider first the single-photon experiments, while further below we will discuss the two-photon case.
To carry out a single-particle QW simulation, we split the two input photons with a polarizing beam splitter (PBS) and let the H-polarized photon only enter the QW setup. The V -polarized photon, reflected at the PBS, is sent directly to a detector and provides a trigger, so as to operate the QW simulation in a heralded single-photon quantum regime. The photon entering the QW setup is initially prepared in the arbitrarily polarized state |ψ 0 = α|L + β|R , where the two complex coefficients α and β (such that |α| 2 + |β| 2 = 1) can be selected at will by a QWP-HWP set (apart from an unimportant global phase). The photon then undergoes the QW evolution and, at the exit, is analyzed in both polarization and OAM so as to determine the output probabilities. Details on these projective measurements in OAM are given in SI. In Fig. 3 we report the experimental and predicted results relative to a 4-steps QW of a single photon, for two possible input polarization states, and both in the standard and hybrid configurations (two additional input polarization cases are given in Fig. S1 in the SI).
To investigate the simultaneous QW of two identical photons, both input photons were sent in the QW setup, after adjusting the input polarization to |R |L (this is not the only possible choice, but it represents a typical case). At the exit of the QW cascade, we split the two photons with a beam splitter and analyze them both in polarization and OAM, so as to obtain the joint proba- Since the two measured photons detected after the BS splitting are physically equivalent, their counts are averaged together, so that (m1, m2) and (m2, m1) pairs actually refer to the same piece of data. Even values of m1 and m2 are not included, since they correspond to sites that cannot be occupied after an odd number of steps. b) Theoretical predictions for the case of indistinguishable photons. c) Theoretical predictions for the case of distinguishable photons, shown to highlight the effect of two-photon interferences (Hong-Ou-Mandel effect) in the final probabilities. It can be seen that the experimental results agree better with the theory for indistinguishable photons. This is further confirmed by the violation of corresponding inequalities, as discussed in the SI. d-f) Case of hybrid walk (with δ = π/2). d), e) and f) refer respectively to experimental data, indistinguishable photon theory and distinguishable photon theory, as in the previous case. The specific hybrid walk implemented here is obtained without the HWP in each QW step, but this does not alter the nature of the process. In this case, the role of two-photon interferences appears to be stronger, so that the difference between e) and f) is more evident. Again, our experiment is in good agreement with the theory based on indistinguishable photons (see also the SI), proving that two-photon interferences are successfully implemented in our experiment. The similarities between experimental and predicted identical-photon distributions are (98.2 ± 0.1)% and (93.0 ± 0.1)% for the standard and the hybrid walk, respectively. bility distribution (see Fig. 2 ). In Fig. 4 , the results relative to a 3-steps QW are reported and compared with the theoretical predictions obtained for indistinguishable photons (taking into account also the effect of the beam splitter). The two distributions show a good qualitative agreement. The predictions for the case of distinguishable photons is also shown for comparison, to highlight the role of two-particle interferences in the final distributions. The measured distributions are also found to violate the characteristic inequalities that constrain the correlation distributions obtained with two classical light sources instead of two photons 21 , or with two distinguishable photons, as illustrated in the SI (Figs. S2 and S3 ). This proves that the measured correlations must be quantum and that they include the effect of multiparticle interferences.
To evaluate more quantitatively the agreement between measured and predicted probability distributions, P (m) and P (m), we computed their "similarity" P (m) ). In the case of the two-photon distributions, the index m is replaced by the pair of OAM values (m 1 , m 2 ). As reported in the figure captions, the similarities were found to be always larger than 90%, thus confirming a good quantitative agreement between theory and experiment.
In conclusion, we have demonstrated a multi-photon quantum walk simulator based on single beam propagation through linear optical devices. The realized architecture is efficient and stable. Moreover, in contrast to other photonic QW implementations, the number of optical components employed scales only linearly with the number of steps, because at each step all OAM values are addressed simultaneously by a single optical element, and the element utilized transverse extension remains constant at each step. It must be noted however that this advantage in scaling remains valid only as long as the entire QW takes place in the optical near field, in which the beam cross-section size will remain approximately constant, while in the far field the transverse size of the optical components will have to increase with the OAM range. A current limitation of our approach is that the walk evolution cannot be positiondependent (that is, OAM-dependent), in contrast to other implementations 4, 24 . This limitation could be overcome in the future by introducing additional azimuthallypatterned optical elements and by exploiting also the radial beam coordinate, which couples with OAM in free propagation. On the other hand, our approach allows a very convenient and easy control of the evolution operator at each step, including the possibility of fullyautomated fast switching of its properties. This may enable, for example, the simulation of a quantum system having a time-dependent Hamiltonian or that of a statistical ensemble of quantum systems with different Hamiltonians. Other potential future advantages of the present implementation include the relatively easy extension to the case in which the walker enters the system in an initial delocalized state 5 , case which has not been explored hitherto, and the possibility to carry out a full quantum tomography of the outgoing state, which is very challenging for standard interferometric implementations. We thank Antonio Ramaglia and Marco Cilmo for lending some equipment and Pei Zhang for an early suggestion of the possibility to carry out a photonic quantum walk in OAM following the scheme proposed in his paper. 
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Supplementary information for Photonic quantum walk in a single beam with twisted light
Appendix A: The q-plate device A q-plate 1 (QP) consists of a thin slab of uniaxial birefringent nematic liquid crystal sandwiched between containing glasses, whose optical axis in the slab plane is engineered in a inhomogeneous pattern, according to the relation
where α is the angle formed by the optical axis with the reference (horizontal) axis, φ is the azimuthal coordinate in the transverse plane of the device, q is the topological charge of the plate and α 0 is the axis direction at φ = 0. When light passes through a QP, the angle α 0 is responsible for a relative phase emerging between the various OAM components in the output state. Indeed, when α 0 = 0, the action of the QP is described by the following equations
which reduces to Eq. 4 of the main text when α 0 = 0. A vanishing relative phase between these two terms is required to implement properly the operatorÛ describing the quantum walk process. To achieve this, all QPs in our setup were suitably oriented to match the condition α 0 = 0. 
where Γ(x) is the gamma function and F 1 (a, b; x) is a confluent hypergeometric function. In order to determine the radial mode alteration introduced by the QP, we can expand the output beam in the LG modes basis, i.e. HyGG |m|−|m+1|,m+1 = p c p LG p,m+1 4 . The expansion coefficients are given by
(B4) Table I shows the squared coefficients of this expansion for input beams possessing different OAM values. As seen, the effect of the QP on the radial mode decreases for beams having higher OAM values, so that one can approximately assume that most of the power of the beam is located at the p = 0 term. If the final detection based on coupling in a single-mode fiber filters only this term, then the presence of the other terms only introduces a certain degree of losses in the system. Hence, within such approximation, the p quantum number plays essentially no role and it can be ignored (except for the Gouy phase issues discussed further below).
Even stronger is the argument one can use if the entire QW simulation takes place in the optical near field. Indeed, at the pupil plane (ζ → 0) the expression for the amplitude of HyGG and LG modes simplifies to
Combining Eq. B2 and Eq. B5, it is straightforward to prove that the action of a QP placed at the pupil plane of the beam is given by
In other words, at the immediate output of the device, the QP ideally results only in the increment of the OAM content, without any alteration of the radial profile. This result remains approximately valid as long as the beam is in the near field, that is for ζ 1, except for a region very close to the central singularity and for some associated fringing that occurs outside the singularity. Both these effects can be neglected for ζ 1, as the overlap integral of the resulting radial profile with the input Gaussian profile remains close to unity (for example, at ζ = 0.1 this overlap is still about 0.93 for a HyGG mode with m = 1). We exploit this property to minimize any effect due to a possible coupling between the azimuthal and the radial degree of freedom introduced by the QP. The setup was built in order to have all the steps of the QW in the near field of the input photons. To achieve this, we prepared the beam of input photons to have z R > 10 m, while the distance between the QW steps was d ≈ 10 −2 z R . In the perspective of realizing a QW with high number of steps, a lens system can be used to image the output of each QW unit at the input of the next one; in this way the whole process may virtually occur at the pupil, i.e. at ζ = 0, thus effectively canceling all radial-mode effects. 
, respectively. e-h) Corresponding theoretical predictions. i-l) Comparison of measured and predicted final probabilities. Poissonian statistical uncertainties at plus-or-minus one standard deviation are shown by error bars in panels i-n and as transparent-volumes in panels a-e. The similarities between experimental and predicted OAM distributions are (89.7 ± 0.2)%, (90.9 ± 0.6)%, (98.9 ± 0.1)% and (97.0 ± 0.4)%, respectively. Panels on the same column refer to the same configuration and initial states.
Let us now discuss the inequalities constraining the measurable photon correlations in two specific reference cases. Our first reference case is that of two independent classical sources (or coherent quantum states with random relative phases) entering modes 1 and 2, in the place of single photons. The following inequality can be then proved to apply to the intensity correlations Γ p,q = â † pâ † qâpâq , for any two given QW output modes p and q 7,8 :
In terms of two-photon detection probabilitiesP p,q = (1 + δ p,q )Γ p,q , the same inequality reads
whereP p,q stands for the probability of having state |1 p , 1 q , for p = q, or state |2 p , for p = q, after the QW but before the BS used to split the photons. After the BS, taking into account the photon-splitting probability, the inequality is rewritten as
where P p,q is now the probability of detecting in coincidence a photon in state p at one (given) BS exit port and the other photon in state q at the other BS exit port.
Our second reference case is that of two single but distinguishable photons entering states 1 and 2. In this case, it is easy to prove a second stronger inequality for the coincidence probabilities. Indeed, in this case one has
whereP p,q now stands for the probability of having one of the two distinguishable photons in state p and the other in q after the QW, before the BS. The mathematical identity (|U 1,p U 2,q | − |U 1,q U 2,p |) 2 > 0 leads directly to the following inequality:
2 P p,pPq,q −P p,q < 0.
After the BS, this in turn is equivalent to T p,q = P p,p P q,q − P p,q < 0. The violation of the first inequality (F4) from our coincidence data would prove that the photon correlations cannot be mimicked by intensity correlations of classical sources. Panels (a-d) in Figs. 6 (standard QW) and 7 (hybrid QW) show the set of violations found in our two-photon experiments, in units of Poissonian standard deviations. In some cases, the experimental violations are larger than 15 standard deviations, proving that the measured correlations are quantum.
The violation of the second inequality (F8) from our data proves that the photon correlations are stronger than those allowed for two distinguishable photons, owing to the contribution of two-photon interferences. Although this is already demonstrated in some cases by the violation of the first inequality (as the violation of the first inequality logically implies the violation of the second one), this second inequality is stronger and should be therefore violated in a larger number of cases and with a larger statistical significance (although it requires assuming that there are two and only two photons at input, so that a classical source is excluded a priori). Panels (e-h) in Figs. 6 (standard QW) and 7 (hybrid QW) show the observed violations. This time, certain measurements violate the inequality by as much as 40 standard deviations, thus proving that two-photon interferences play a very significant role in our experiment.
